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Introduction to Optimisation:

Simplex Method

Lecture 3

Lecture notes by Dr. Julia Memar and Dr. Hanyu Gu and with an
acknowledgement to Dr.FJ Hwang and Dr.Van Ha Do
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Simplex method

George Dantzig (1914 - 2005)
invented the simplex method
in 1947,

In 1954 Dantzig together
with Orchard Hays developed
the revised simplex algorithm.
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Simplex method

» Simplex demonstration
> https://lyoutu.be/k9em_7B6298?si=XVchpO-RjaPbMgUf

> https:/lyoutu.be/k9em_7B62987?si=dgRTTLFmEuUFTiacS

» Simplex method performs an efficient search of the extreme points (i.e. bfs) of
the feasible region. The method usually starts from the bfs where all original
decision variables are zeros.

» Then it “greedily” (in the sense that the objective function value is getting
improved) moves from one extreme point (i.e. bfs) of the feasible region to an
adjacent bfs by changing one basic variable at a time.

» In the searching/moving procedure, the ratio test ensures that the basic solution
in each iteration remains feasible (i.e. satisfies all constraints). The method
ceases when no further improvement in the value of the objective function

» For any LP with m constraints, two bfs are said to be “adjacent” if their bases
have m — 1 basic variables in common.
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ms=3
Example ¥ Y2 5 8, 5s
> Solve: inz = 2 L0 0
olve: minz = — x; — 2x, 1 2
S.L. —2x1 + X, <2 Q = 0 I 0
—Xq1 +2x, <7 | D 0O o : }
X1 < 3 3 gs' A
X1, X320 “\' B3 Ay As,

¥ wolumns ot A
» Standard form:minz = — x; — 2x, ¥ 75, + fsz *ﬁ‘.s

S.t. —2x1 + x,+ 5 =2 lxal = 3
—X1 + 2x2+ Sz =7
*1+ Sg =3 lxul =
xll xZ) S.' 51 93 2 0
» Each of the constraints has a mq ue. variable.

TaiHal pasls
>xp=(95, 5, 53 o xay=( X Ly )

> Hence bfsx=(0 0 2 2 3 ) and the corresponding value of
z=0 X1 X9 S, S5 53
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Example wt s

» Finding an adjacent bfs to improve z:
(What an adjacent bfs?)

1. Express every component of xz in terms of x :
S| Tt A'x| - ‘I?_
s:_: 4 < :' - 2'&1

33 - 3 -X 0 - N a
2. Express z in equality form: 2=°% La
24X, +AX, = hin problem

4
3. All OF coefficients for xy arenegative, chose the one with most positive/negative

coefficient to enter basis:

To improve z chose Xa ,and let X = 0.
3. To determine the limits of increase for _ %X 2 solve:
=L-Xy, 20 <2 -
g'z:;-pfxlyo-’ iz c7 I N=2 IO
"2 2 7 2 = eaving
93 =3




214 =9

Example 2z X, +zc'c', =0
|
» New values for components: 0 L
New bfs (xy,x; S1 89 53)=(0 2 O 3 3y Vandz-= - 4
> NeW xB - (xl Sl 53); xN =( I' S' ) I. E)\IJIUiCViy CUITIPUILICHIL VI X
= ¢ S L e &
z" ~9~'l'2'1', g - =34 ,- 2‘:12
a =3+, - 2(9.-\-2:: -5)=3-3, _,.25.33 =3-x, = __

» Express z and every component of x5 in terms of xy:
21X+ Y+Yx, -5, =0
' O P

» Can we approve z further? Some coefficients for x, are P 0¢ ) "f"; ve

Nes




Example
» To improve z chose -?C'[ , and let sl = 0.

To determine the limits of increase of __ I ) solve:
= 23¥ALX, 20 = x, 2 -1 whlimited Twere

2
€l 5 o,=1, Sy s
<

S =3 - 3'1, 20 =2 =, .
- > x .
3New values for c'ompo/negts = ' ':::?"s" 8

‘2."‘ gx, "&9. - "Ll

Si Sa Sy
)—(l 4 O 0 & ) andz= -9

> New bfs (xq,x,
i oaw=056 55 )

> New xz = (€, xz 33

...and so on...



Simplex Method in a general form

» min z =cTx

S.t. Ax = b,

x>0




Simplex Method in a general form

» Select m variables with linear independent columns in A:

xg - basis; B(m x m) - basic matrix;
0Fdyr is Tmportewt :
i xge (Fs X, %) 5 Cg =(Cs €2 C)

Xy - hon-basis; N(m X (n — m)) -non-basic matrix.

th‘e” . - > Re-write the LP in a partition form:
xt =1 2" |2, ] ’ ~ (8 T .
minz2=c'x =(cp [CN) 2, = Cg Xy, TC, Ay

CT=[ g | ¢ ] S +, Ax :g

Xpg
A=[ 8 | N ] [%[M] - 0

Ly

B, + Nx, =%

Xg20 A, ;>0



Simplex Method in a general form
9

I
> Step 1: current bfs : xy =() ; hence BDCEH\)DCM =6
B, =
=6,

» Step 2: to find adjacent bf's formulate z and x5 in terms of xy:

%(UA(FM 6L¢ =) 7 -}QTI — Fi@
> &) B \ﬁYI_‘& B B
|

) oA Byt Nx, =8
BDC%1€~7\[DC,\) x B
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Reduced cost 2 + Cv %,=C3 B¢,

Reduced cost of a non-basic variable:

(for the min problem!)

T ~1
> Ifallcf < 0,then z can(cannot be improved kewce 2= G B €
N onH mal va lue

BES - opt. 80[(u-hoN
STopP

————

» Thereis c]\}t > 0: then z@/cannot be improved



Reduced cost

» Thereis c,{}t > 0: decide what variable is entering/leaving:

1. Select non-basic variable :& with th/smallest ¢; among all ¢y~ O

2. Ratio Test:

I. express xg interms of xy:

i. Decide what component of x5 is leaving:
-l
N x S all 2, = O <xcept

/‘A’\ﬂ Lovr (‘.1‘,.,)_&




(.

N " e W
')(B =g —A‘L(x”‘)b z 0 for all ¢ N IB

N A
(e); = 6" ae(x,), 2 O
N

L all ;¢ £ 0 =9 can TNoveare (X,
' 4 [ U\O\QP\\\wl-e,l\i ,_,gp ?‘;

1004

un Lownaded
A N
ASSlome Q¢ 4 >0 %L
) " =~
b, T Qi (“u)_l’ 20 -)(I,,)e $ Kt
b ork Qo
~
(I“')-E: "\Iﬂ{q.u: ) et ’}j
entering Bavis



Simplex Method in algebraic form summary

> min (or max) z =cTx

st Ax=b, 54&44 dara( Form
x =0,
where b > 0. :CBQ | - N
» Obtain the initial bfs; +
— To 'Nee T vector O
» Compute the vector ¢cf = Cg B N C N —7 o dyce A cogts
— — . for XA n
e If ¢cI <0 (cf =0), thenthe bfsis opHmel
For nluvin ‘V\w . ) STop

« Otherwise select x, with ¢y > 0 which is the most posihive ~» ",‘:'r%blen
(with cf <0 which is the most _Negative -

may
problem

> Compute 4, = B A-I: , b, = 6.1 A; <0, the LPis unbounded
'Y A
i — oremin Q; >°j
» Otherwise chose s gmi { Tt y it

> Selec@ as the leaving component.
ZUTS  ~—




Simplex Method in tableau form

> Tableau form:

basis X rhs
> |EB'A—c" | B Ro
e’
I XRB B'A B 'b
tT.cg BA-CT =
» Decomposition of the tableau on xz and xy: ‘CB "(B N) (Car 2
T
) T C
basis XN xR rhs _(c. BB ' B ” cﬂ)

: S &)

T T T T'Rp—1
z |egB N —-cnj 0], | cgB™'b
\/_VE:\} ?:-’

XB B 'N I B 'b

Canonjical form
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Example
( BtS) wot acfve
> Solve: minz = — x; — 2x, (won- b."‘d@
s.t 2, 4 x, < 2 -6xS5 < 2 -
—x1 +2x, <7 -3+10 3?‘}40’{\’(
X1 <3 3 =3 o
X1, X,=20
won-~ binol ng
» Standard form: minz = — x; — 2x,
s.t. —2x; +x,+ Sy =2 -
—x; +2x,+ S9 =7 v
x1+ 33 =3

X1, X2, g' 51 SJ > 0



» Standard form: minz = — x; — 2x,

S.t. _2x1 + x2+ Sl =2
Example v t204 Sg =7
x1+ 53 =3

X1, X2, S, Sz SJ =0

CT=<'|.‘11 o , 0, 0)

() =

b= ]
3 \2'2
70 o)




e, = (6 %, §3>
| 0 ©
B "(o t 0) =B
0 0 |
-t "2 | - >
BN = N = (-I 2 B 6 =£8-< (:l')
3
| o)
Csr_—_ ( O( D|O> — Aé - TB"'N:O
o CT:CT "N-CNT:'
Iukal Tat e ay .:N—C:B:B‘("'t"z)
Yo S, S, S [ RHS
2+ 4 2| © 0 0 | O %
S| -2 )= § | 0 O 92.5 leﬂ‘lff
Sl -1 S o | o |= #2
. 5<
3 | ov O % | >
SFF] 0 -2 0 o [HE,
Xy, -2§ ' | O 0 Q::Rl
Z - R0
S [21F o -2 | 0 | |33m-ru
; —3 15 leay
30 V00 o D |/ |3k <g,







Example 2 — unique optimal solution

> Solve;

(%) Hw

minz = x; + x, — 4x3

S.t. X1 + X9 + 2x3 + X4
X1+ Xy — X3 + X5
—X1+x2 + X3 + Xg
X1, X2, X3, X4, X5, Xg= 0

|l
SN O



Example 2 — unique optimal solution



Example 3 — unbounded problem

» Standard form: maxz = 2x; + 3x,

S.t. X1 — Xy + @ =1
X1 — 2x, + -I-@=2

X1, X2,51,52 = 0

2-ax, ~3x, =9, )‘B."'(Q) S'2>

X0 Xq Sy Sa, RHS NoT opfimal
z|-2 3] o o o
g' | - ' O l II-IZ "'S' =l
-9 -
-2y + 65,5 &
Sal 1 |- l T I
\ A, <0 = 1=y
> This problemis _un bown ded\ S 1+ Xy

il = i faxl

.,‘.. Py .-,_



LeA A CATEY

S RH
-~ Xy fa d = Q Rako
< [-2| -3 Y © ©
Sl 1] -1 l 0 | 1/
Saf -2 0 2
=10 520 2 0 2
x. ! ol | | (o) l

ski\ unbownded



Example 4 — infinite number of optimal solutions

» Standard form:

1
minz = — 3x1 — X3 _Exg
S.t.
6x1 —X3 + S1 =12
Xy + X3 + +52 =2

X1, X2, X3, S1,S2 >0

> Solution in a tableau form:

basis | ©1 xo x3 S S | rhs
2 3[ 15 0 0] 0
st (6] o -1 1 of 12
—>
ss (o) 1 1 0 1f10
> o 1§ 1 —3 O0f -6
ss [0 1]y 1 o 1] 10 =
> [0 0 —I —I1-16 opt
ql N
T 1 0 -G 6 0 2
za |0 1 [ 0 1| 10=p
> |0 0 0 —L —I[-16 3 _pﬂ“
€
w15 0§ F| 3|
xz3 |0 1 1 0 1] 10




Convergence and degeneracy of the Simplex Method

» Consider: minz = — le + 150x, — 5—10x3 + 64

S.L. ix1—60x2—%x3+9x4+x5 =0

1 1
5x1—90x2—5x3+3x4+x6=0
x3+x;, =1

X1, X2, X3, X4, X5, Xg, x720

> Initial tableau: .
basis | x4 ro T3 x4 x5 xg X7 |rhs

_ O O O




Convergence and degeneracy of the Simplex Method

> After six iterations: Iteration XB > value
0 (z5, 16, T7) 0
/ 1 (21, xg, x7) 0
Cvaling] 2 (21, x9, x7) 0
ycling! 3 (T3, T2, 77) 0
4 (3, x4, 27) 0
5 (5, )y, x7) 0
6 (z5, 6, T7) 0

» To avoid cycling rhs may be changed:
b’ = (0.0000001274,0.00000000432,1)7



Example

> Solve: min z = 2x1 + 3x2

1
s.t. -X
2

1
1+Zx2 <4
X1+3.X'2 >20
x1+x2 =10

X1, x22 0
» Standard form: minz = 2x; + 3x, original problem (1)

s.t. %x1 + ixz + 5 =4
x1+3x;, =-@a =20
X1+ Xy ? =10 &
X1, X2, 5,€ =0 N?
» Issues: var ‘]"‘L
vaxr
+ The initial solution (5| e,) = (l-(, ) ;Lo) =
* The constraints No T
teonm ble

W, ) 1 TS



Example — addressing the issues
IDEA.

> Introduce artificial variables: 1o adodlyrese I NI 4l
BES isgsue

minz = 2x; + 3x, modified problem (Il)
s.t. %xl +ix2 + S' =4
x1 + 3x; ‘QQ_ + &, =20
x1+x;, 4 QB =10

X, X2 S €4 ¢ Y Q3 >0

> Issues again: optimal solution for (1) is<ZExgiEpe- |s it feasible for (1)?
kg2 (5i 2 93) BFS=(0,0,4,0,20, )

&

S Rt




Example — addressing the issues

> Let’s introduce “Big M ”:
> minz = 2x; + 3x, + Maz + M QS
s.t. %x1+ix2 + Q,
x1+3x2-€2_'\‘ a2
x; +x, + C\3
x, % 5, €4 Ay Ry



Big M method

1. Make all rhs > 0;

2. Add slack/substract excess variables to make equality constraints;

3. For each constraint i without slack add an artificial variable a;;

4. Foreach a; add Ma; for min problems and subtract Ma; for max
problems.

5. Solve the modified problem (lI) with Simplex method.

HUTS



Big M method

» If in optimal solution for (1) all a; = ﬁ then it is OP""M‘K for (1)

» If in optimal solution for (ll) at least one aq; >£, thenitis

TnAfeos. for (1) o @ CI) rndeans ble

> If (I1) is unbounded and all a; = Othen () is IN#Q&{)/M blllun 0(26{

» If (II) is unbounded and one or more q; >0then (I) is either infeasible or

unbounded

£UTS |
n:4¢



Example 1

» minz = 2x, + 3x,
1 1
S.t. Exl +Zx2 <4
X1 + 3x2 = 36
X1 +x2 =10

X1, xzz 0



Example 1



