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ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó
�ƨƉʚʯɼƨ ࣘࡽࡹ ɱǶǖƨɄȳǫɄțƨ ɱɼǶȳƉǶɱțƨ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ

 



ϵά̙κ

࣢ ɱǶǖƨɄȳǫɄțƨ ɱɼǶȳƉǶɱțƨ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ



ϵ΋ϵ

éƨƉŗțțࣘ
�ƨȭȭŗ

�ƣʋ �,# Żƣ ̃ȩǮʋƣ ɾƣʋɾࣖ tǋ ǋ : �! # Ǯɾ

࣢ ࡲ ࡲࣽ ʋǣƣȩ |�| 6 |#|ࣖ
࣢ ȹȩʋȹ ʋǣƣȩ |#| 6 |�|ࣖ

âɼɄɄǑࣘ ࣞ

ÿɄ ɱɼɄ˙ƨ ʚǫƨ ࡹ ࡹࣽ ɼǶǖɄɼɄʯʌț ࣗ˦ ˝ƨ ȳƨƨƕ ŗȳɄʚǫƨɼ �˥ǶɄȭ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁ



ϵ΋ϵ

�˥ǶɄȭ ࣯âǶǖƨɄȳǫɄțƨ ɱɼǶȳƉǶɱțƨࣱ
yǑ ȣ ɱǶǖƨɄȳʌ ɄƉƉʯɱ˦ ȩ ɱǶǖƨɄȳǫɄțƨʌ ŗȳƕ ȣ > ȩ ʚǫƨȳ ʌɄȭƨ
ɱǶǖƨɄȳǫɄțƨ ǫŗʌ ŗʚ țƨŗʌʚ ʚ˝Ʉ ɱǶǖƨɄȳʌ Ƕȳ Ƕʚࣖ

éƨȭƨȭſƨɼࣗ ʚǫǶʌ Ƕʌ ŗȳ ŗ˕Ǯȹȣ țǶȕƨ ˝ƨțț ɄɼƕƨɼǶȳǖ ࣯ŗȳƕ ǶȳƕʯƉʚǶɄȳࣱ ँ ʚǫƨ˦
ʌƨƨȭ Ʉſ˙ǶɄʯʌࣗ ſʯʚ ˝ƨ Ɖŗȳऒʚ ƕƨɼǶ˙ƨ ʚǫƨȭ ǑɼɄȭ Ʉʚǫƨɼ ʚǫǶȳǖʌࣖ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅ
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ϵ΋ϵ

�˥ǶɄȭ ࣯âǶǖƨɄȳǫɄțƨ ɱɼǶȳƉǶɱțƨࣱ
yǑ ȣ ɱǶǖƨɄȳʌ ɄƉƉʯɱ˦ ȩ ɱǶǖƨɄȳǫɄțƨʌ ŗȳƕ ȣ > ȩ ʚǫƨȳ ʌɄȭƨ
ɱǶǖƨɄȳǫɄțƨ ǫŗʌ ŗʚ țƨŗʌʚ ʚ˝Ʉ ɱǶǖƨɄȳʌ Ƕȳ Ƕʚࣖ

¶ʯʚ ɄǑ ࢁࡹ ɱƨɄɱțƨࣗ ˝ǫŗʚ Ƕʌ ʚǫƨ ƉǫŗȳƉƨ ʚ˝Ʉ ɄǑ ʚǫƨȭ ǫŗ˙ƨ ʚǫƨ ʌŗȭƨ
İƨʌʚƨɼȳ ńɄƕǶŗƉ ʌǶǖȳࣞ

¶ʯʚ ɄǑ ࢑ࢍࢁ ɱƨɄɱțƨࣗ ˝ǫŗʚ Ƕʌ ʚǫƨ ƉǫŗȳƉƨ ʚ˝Ʉ ɄǑ ʚǫƨȭ ǫŗ˙ƨ ʚǫƨ ʌŗȭƨ
ſǶɼʚǫƕŗ˦ࣞ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉ
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ϵ΋ϵ

�˥ǶɄȭ ࣯âǶǖƨɄȳǫɄțƨ ɱɼǶȳƉǶɱțƨࣱ
yǑ ȣ ɱǶǖƨɄȳʌ ɄƉƉʯɱ˦ ȩ ɱǶǖƨɄȳǫɄțƨʌ ŗȳƕ ȣ > ȩ ʚǫƨȳ ʌɄȭƨ
ɱǶǖƨɄȳǫɄțƨ ǫŗʌ ŗʚ țƨŗʌʚ ʚ˝Ʉ ɱǶǖƨɄȳʌ Ƕȳ Ƕʚࣖ

¶ʯʚ ɄǑ ࢁࡹ ɱƨɄɱțƨࣗ ˝ǫŗʚ Ƕʌ ʚǫƨ ƉǫŗȳƉƨ ʚ˝Ʉ ɄǑ ʚǫƨȭ ǫŗ˙ƨ ʚǫƨ ʌŗȭƨ
İƨʌʚƨɼȳ ńɄƕǶŗƉ ʌǶǖȳࣞ

¶ʯʚ ɄǑ ࢑ࢍࢁ ɱƨɄɱțƨࣗ ˝ǫŗʚ Ƕʌ ʚǫƨ ƉǫŗȳƉƨ ʚ˝Ʉ ɄǑ ʚǫƨȭ ǫŗ˙ƨ ʚǫƨ ʌŗȭƨ
ſǶɼʚǫƕŗ˦ࣞ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍ
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ϵ΋ϵ

�˥ǶɄȭ ࣯âǶǖƨɄȳǫɄțƨ ɱɼǶȳƉǶɱțƨࣱ
yǑ ȣ ɱǶǖƨɄȳʌ ɄƉƉʯɱ˦ ȩ ɱǶǖƨɄȳǫɄțƨʌ ŗȳƕ ȣ > ȩ ʚǫƨȳ ʌɄȭƨ
ɱǶǖƨɄȳǫɄțƨ ǫŗʌ ŗʚ țƨŗʌʚ ʚ˝Ʉ ɱǶǖƨɄȳʌ Ƕȳ Ƕʚࣖ

¶ʯʚ ɄǑ ࢉࢅࡹ ɱƨɄɱțƨࣗ ˝ǫŗʚ Ƕʌ ʚǫƨ ƉǫŗȳƉƨ ʚ˝Ʉ ɄǑ ʚǫƨȭ ǫŗ˙ƨ ʚǫƨ ʌŗȭƨ
İƨʌʚƨɼȳ ńɄƕǶŗƉ ʌǶǖȳ �¥6 ,ǫǶȳƨʌƨ ńɄƕǶŗƉࣞ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢑
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͛х

�ƨʚ � ✓ N+ ˝Ƕʚǫ |�| = ࣖ࢕ࡽ ÿǫƨȳ � ƉɄȳʚŗǶȳʌ ŗʚ țƨŗʌʚ ʚ˝Ʉ ƨțƨȭƨȳʚʌ ˝Ƕʚǫ
ʚǫƨ ʌŗȭƨ ɼƨȭŗǶȳƕƨɼ mod ࢑ࣖࡽ

âɼɄɄǑࣘ ʚǫƨ ɱǶǖƨɄȳʌ ŗɼƨ . . .

ʚǫƨ ɱǶǖƨɄȳǫɄțƨʌ ࣯ſɄ˥ƨʌࣱ ŗɼƨ . . .

ŗȳƕ ʚǫƨ ɼʯțƨ ǑɄɼ ɱțŗƉǶȳǖ ʚǫƨ ɱǶǖƨɄȳʌ ǶȳʚɄ ʚǫƨ ſɄ˥ƨʌ Ƕʌࣘ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢕
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Of no on dir by 27



͛х

yǑ ࡹࡹ Ƕȳʚƨǖƨɼʌ ŗɼƨ ƉǫɄʌƨȳ ǑɼɄȭ ,ࡹ} ,ࡽ ,ࢁ . . . {ࡱࡱࡹ ʚǫƨȳ ŗʚ țƨŗʌʚ ʚ˝Ʉࣗ ʌŗ˦ ˕
ŗȳƕ ˖ࣗ ŗɼƨ ʌʯƉǫ ʚǫŗʚ

|˕ � ˖| 6 ࢙

âɼɄɄǑࣘ ʚǫƨ ɱǶǖƨɄȳʌ ŗɼƨ . . .

ʚǫƨ ɱǶǖƨɄȳǫɄțƨʌ ŗɼƨ . . .

ŗȳƕ ʚǫƨ ɼʯțƨ ǑɄɼ ɱțŗƉǶȳǖ ʚǫƨ ɱǶǖƨɄȳʌ ǶȳʚɄ ʚǫƨ ſɄ˥ƨʌ Ƕʌࣘ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙

set A c l 1003 and.la l1

numbers

100intervals

intervals i oo3
loitl IOitlo

for att ace find 00s is 9 so that at4 to



͛х

yǑ ࡹࡹ Ƕȳʚƨǖƨɼʌ ŗɼƨ ƉǫɄʌƨȳ ǑɼɄȭ ,ࡹ} ,ࡽ ,ࢁ . . . {ࡱࡱࡹ ʚǫƨȳ ŗʚ țƨŗʌʚ ʚ˝Ʉࣗ ʌŗ˦ ˕
ŗȳƕ ˖ࣗ ŗɼƨ ʌʯƉǫ ʚǫŗʚ

|˕ � ˖| 6 ࢙

âɼɄɄǑࣘ ʚǫƨ ɱǶǖƨɄȳʌ ŗɼƨ . . .

ʚǫƨ ɱǶǖƨɄȳǫɄțƨʌ ŗɼƨ . . .

ŗȳƕ ʚǫƨ ɼʯțƨ ǑɄɼ ɱțŗƉǶȳǖ ʚǫƨ ɱǶǖƨɄȳʌ ǶȳʚɄ ʚǫƨ ſɄ˥ƨʌ Ƕʌࣘ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡹ



͛х

yǑ ࡹࡹ Ƕȳʚƨǖƨɼʌ ŗɼƨ ƉǫɄʌƨȳ ǑɼɄȭ ,ࡹ} ,ࡽ ,ࢁ . . . {ࡱࡱࡹ ʚǫƨȳ ŗʚ țƨŗʌʚ ʚ˝Ʉࣗ ʌŗ˦ ˕
ŗȳƕ ˖ࣗ ŗɼƨ ʌʯƉǫ ʚǫŗʚ

|
p
˕ �p˖| < ࡹ

âɼɄɄǑࣘ ʚǫƨ ɱǶǖƨɄȳʌ ŗɼƨ . . .

ʚǫƨ ɱǶǖƨɄȳǫɄțƨʌ ŗɼƨ . . .

ŗȳƕ ʚǫƨ ɼʯțƨ ǑɄɼ ɱțŗƉǶȳǖ ʚǫƨ ɱǶǖƨɄȳʌ ǶȳʚɄ ʚǫƨ ſɄ˥ƨʌ Ƕʌࣘ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡹ
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ϵ΋ϵ

éƨƉŗțțࣘ
�ƨȭȭŗ

�ƣʋ �,# Żƣ ̃ȩǮʋƣ ɾƣʋɾࣖ tǋ ǋ : �! # Ǯɾ

࣢ ࡲ ࡲࣽ ʋǣƣȩ |�| 6 |#|ࣖ
࣢ ȹȩʋȹ ʋǣƣȩ |#| 6 |�|ࣖ

âɼɄɄǑࣘ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡹ

any
a

Diana
b bz n bn

1 1 Suppose IAI 77 Bl
let A be pigeons B boxes

and rule place the elevarata

in the box fca EB

By PHP F ai ai EA ai aj so thar

flail flag



I f is not 1 7

So by Contrapositive

onto.ttopp.MY I IfE.tt
Since A is finite we can write

its elements in order

91 92 93 n an

Boxes A

a

Pigeons B

Rule bed goes
into a box

it flail b and i is

smallest such
subs cpl

Sme f is onto for each beB there
is

always one ai
labelledai



By PHP some box kill contain
at least two b elements of B

say boy bat bitty
But this means

ai b

so f is not a well desired
function



ϵ΋ϵ

�˥ǶɄȭ ࣯âǶǖƨɄȳǫɄțƨ ɱɼǶȳƉǶɱțƨࣱ
yǑ ȣ ɱǶǖƨɄȳʌ ɄƉƉʯɱ˦ ȩ ɱǶǖƨɄȳǫɄțƨʌ ŗȳƕ ȣ > ȋȩ ʚǫƨȳ ʌɄȭƨ
ɱǶǖƨɄȳǫɄțƨ ǫŗʌ ȭɄɼƨ ʚǫŗȳ ȋ ɱǶǖƨɄȳʌ Ƕȳ Ƕʚࣖ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡹ
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EE

part
n

kn



ϵ΋ϵ

E˥ࣘ Ďʌƨ âpâ ʚɄ ʌǫɄ˝ ʚǫŗʚ ǶǑ ç ✓ N+ ŗȳƕ

ࣖࡹ |ç| > ࢁ ʚǫƨȳ ç ƉɄȳʚŗǶȳʌ ʚ˝Ʉ ƕǶʌʚǶȳƉʚ ƨțƨȭƨȳʚʌ ˕, ˖ ʌʯƉǫ ʚǫŗʚ ˕ + ˖
Ƕʌ ƨ˙ƨȳࣖ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡹ

3 number
pigeons

2 boxes T
By PHP some box has 2 numbers in it

If 2 numbers in the ODD box

ten xty is even



If 2 numbers in EVEN box

xTxtyere



ϵ΋ϵ

E˥ࣘ Ďʌƨ âpâ ʚɄ ʌǫɄ˝ ʚǫŗʚ ǶǑ ç ✓ N+ ŗȳƕ

ࣖࡽ |ç| > ࢍ ʚǫƨȳ ç ƉɄȳʚŗǶȳʌ ʚǫɼƨƨ ƕǶʌʚǶȳƉʚ ƨțƨȭƨȳʚʌ ˕, ˖, ˢ ʌʯƉǫ ʚǫŗʚ
˕ + ˖ + ˢ Ƕʌ ŗ ȭʯțʚǶɱțƨ ɄǑ ࣖࢁ

�ƨƉʚʯɼƨ ࣘࡽࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࡹ

E
k 2

boxes
rémainderandivision by 3

pigeons f Islam
thingyrule se S compute its

remainder an division



By G PHP Idea B dismal
numbers from S

X Y Z

If 40 box xtytz is divisible

by 3

If I box x 3 ptl
y 39 1

a 3kt 1

So at 2 3 pager
3

If in 2 box X Bpt2
4 39 2

2 3 2

Xtytz
3 ptatr 6 3 pager 2

y

I



next

• how to count
• inclusion-exclusion
• permutations and combinations
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